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Graphic method for numerical analysis of a
periodically stratified thin-film omnidirectional reflector
Shiuh Chao, Tzu-Kai Wang, and Jyh-Shin Chen
We introduce a graphic method for analyzing a periodically stratified multilayer omnidirectional
reflector. When the dispersive refractive indices of the materials are known, the contours of constant
omnibandwidth and constant center wavelength with respect to layer thickness can be numerically
and graphically presented for analysis. Examples of this procedure for TiO2SiO2 and SiSiO2 peri-
odically layered systems for the visible and near-infrared regions are given. A comparison of omnidirec-
tional reflectors of quarter-wave and non-quarter-wave layer thicknesses is made by the graphic
method. © 2005 Optical Society of America
OCIS codes: 310.0310, 120.5700.
1. Introduction
Periodically stratified dielectric thin-film systems,
with proper choice of film thicknesses and refractive
indices, exhibit omnidirectional reflection. Ranges of
frequency, so called omnibands, exist within which no
propagating electromagnetic mode is allowed in the
media for all angles of incidence and all polarizations.
The omniband is defined as the overlap of the high-
reflectance bands for TE and TM at 0° and 89° angles
of incidence. Potential applications are omnidirec-
tional guides1 and backreflectors for lighting, partic-
ularly for LED lighting.2,3 Yeh et al.4,5 derived
analytical expressions for the band structure by the
transfer matrix method in conjunction with the Bloch
wave requirement. Winn et al.6 and Fink et al.7 ex-
tended Yeh’s results to obtain analytical expressions
for the omnibandwidth; and an omnibandwidth re-
flector with telluriumpolystyrene multilayers in the
infrared region was demonstrated. But material dis-
persion was not included in their analysis. It is un-
derstood from the results of these analyses that
proper choice of the refractive indices of the films is
crucial, that is, that a larger refractive-index differ-
ence will give a larger omnibandwidth; that a refrac-
tive index somewhat higher than that of the ambient
is necessary to prevent Brewster angle crossing; and
that a quarter-wave layer thickness is not the opti-
mal thickness for a large omnibandwidth. Mansuri-
pur8 presented an analytical method for obtaining
the optimal layer thicknesses to achieve omnidirec-
tional reflection for a single wavelength. Southwell9
analyzed an omnireflector design that included
quarter-wave layer thickness.
Difficulties arise in practice: First, the available
materials with high and low refractive indices are
limited. One has to accommodate oneself to the ex-
isting materials with certain refractive-index values,
and all materials are dispersive. Second, it is rela-
tively easy to fabricate a quarter-wave layer thick-
ness by using an optical monitoring technique during
layer deposition; however, the largest bandwidth
may not occur with quarter-wave layer thickness. For
applications in which large omnibandwidths are re-
quired, precise control of layer thickness during dep-
osition presents problems for non-quarter-wave layer
thicknesses.
In this paper we present a graphic method together
with a numerical calculation as design tools with
which to demonstrate how to design and analyze om-
nidirectional reflector when the available materials
are specified and their dispersions are known. We
introduce the graphic method first; than we apply
this method to analyze twomaterial systems: (1) with
TiO2 as the high-refractive-index material and SiO2
as the low-refractive-index material, applied to an
omnidirectional reflector in the visible region, and (2)
with silicon as the high-refractive-index material and
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SiO2 as the low-refractive-index material, applied to
the near-infrared region. For an omnidirectional re-
flector of the largest omnibandwidth for which the
thicknesses of the high- and low-index layers are not
simultaneously quarter waves of any wavelength at
any angle of incidence and to which therefore an
optical monitoring technique could not be applied,
one might ask the following questions: What would
the trade-off be if we chose another combination of
high- and low-index layer thicknesses such that there
were a wavelength for which the thicknesses of both
the high- and low-index layers were simultaneously
quarter-waves of a specific wavelength and one may
use that wavelength to monitor the layer deposition
for precise control of the layer thickness? What then
is the trade-off between ease of thickness control and
scope of the omnibandwidth? We analyze this situa-
tion by using our graphic method and discuss the
trade-off.
2. Graphic Method
In this paper we deal only with a periodically strati-
fied layer system with a bilayer basic unit that is
composed of a high-refractive-index film, with refrac-
tive index nh and physical thickness dh, and a low-
refractive-index film with refractive index nl and
physical thickness dl.
We used a standard transfer matrix method in
thin-film optics to calculate the reflectance of the lay-
ered thin-film systems for arbitrary angles of inci-
dence and polarization.10 For a periodically stratified
multilayer system composed of high- and low-index
layers with given refractive indices [nh and nl]
and given a thickness combination (dh and dl), reflec-
tance spectra for both TE and TM polarizations of the
periodically stratified layer system can be calculated
for 0° and 89° angles of incidence with a certain num-
ber of periods. The omnibandwidth, , and the cen-
ter wavelength of the omniband, c, can be obtained
numerically. We chose the number of periods at a
value such that the reflectance and the bandwidth do
not change appreciably with further increases of the
number of periods. A numerical example for deter-
mining the omnibandwidth and the center wave-
length of the band is shown in Fig. 1, with
nh, nl 2.40, 1.46, dh, dl 60, 90 nm, and
nsubstrate  1.50; the number of periods was 40.
The general trend for the variation of the reflec-
tance spectra with angle of incidence, based on our
numerical results for the materials with refractive-
index dispersions that are monotonically decreasing
functions of the wavelength as introduced in the fol-
lowing numerical examples, is that the high-
reflectance bands shift toward shorter wavelength
whereas the angle of incidence increases for both TE
and TM polarization, and that the bandwidth of TM
polarization becomes narrower while the bandwidth
of TE polarization widens. Numerical determination
of the omnibandwidth and the center wavelength was
accomplished without ambiguity. This general trend
is consistent qualitatively with the theoretical band
structure analysis for infinite numbers of pairs of
nondispersive, one-dimensional photonics crystals
given by Winn et al.6
By repeating the calculation for every combination
of dh, dl within the specified ranges for dh and dl we
can obtain , c for every dh, dl. In the dh–dl
plane, where dl is taken as the ordinate and dh is
taken as the abscissa, constant-c contours and
constant- contours can be drawn, as illustrated
schematically in Fig. 2. Not every combination of
dh, dl has an omniband; the constant- contours
have an outermost contour with zero omniband-
width. Only the part of the constant-c contours that
lies within the zero constant- contours is valid. By
connecting the maximum omnibandwidth points of
the entire constant-c contour, one can draw the
maximum omnibandwidth curve.
Inasmuch as the available thin-film materials, in
terms of ease of deposition and with desirable phys-
ical qualities, for thin-film optics are quite limited,
data banks such as the graph in Fig. 2 for various
combination of high- and low-index materials could
be established in advance, provided that nh,
nl are known. Designers for particular applica-
tions of omnidirectional reflectors could conveniently
use these data banks to evaluate and design their
applications.
Fig. 1. Example of omniband determination: nh  2.40, nl 
1.46, dh 60 nm, dl 90 nm, nsubstrate 1.50; number of periods is
40. Omnibandwidth,   20.2 nm; center wavelength c,
486.3 nm.
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3. Numerical Examples
A. Applications in the Visible Range
TiO2 film is the material that has the highest refrac-
tive index in the visible range. We used TiO2 as the
high-index layer and SiO2 as the low-index layer to
demonstrate the graphic method in the visible range.
The dispersion relation of Macleod11 for TiO2 filmwas
used:
n() 4.82512 123198.994052 84405.92819
0.5
,
380.1 nm    800 nm.
The dispersion relation for SiO2 film was12
n() 1 1.0980622 8641.9351
0.5
,
302.15 nm    1013.98 nm.
These dispersion relations are shown in Fig. 3(a).
The results of the calculations are shown in Fig.
4(a). Figure 4(b) is a plot of the max versus c. Sev-
eral characteristics of Fig. 4(a) are the following: (1)
Constant-c contour is nearly a straight line within
the thickness range of concern. (2) max curve is
nearly a straight line. (3) The bandwidth distribution
along the constant-c curve is nearly symmetrical
about the max point. (4) The thickness range of a
nonzero omnibandwidth is bounded. (5) The
constant- contour is one end opened and one end
closed.
To investigate how sensitive the omniband charac-
teristics are to the dispersion of the constituent ma-
terials, we used another TiO2 dispersion relation,
from Lee,13 and redid the calculations. The dispersion
relation for TiO2 from Lee is
n() 5.15783 196112.094262 60128.97147
0.5
,
396.85 nm    1195.6 nm.
The dispersion of SiO2 is the same as in the exam-
ple above. The results are shown in Fig. 5(a). Figure
5(b) is a plot of max versus c. The basic character-
istics of the graphs are the same for different TiO2
dispersion relations, but the numerical values are
different. For Macleod’s TiO2 film the index is lower
and more dispersive; the omnibandwidth is smaller,
as was expected for a lower-index contrast omni-re-
flector; and the thickness range within which there is
nonzero omnibandwidth for a given c is smaller for a
longer center wavelength than for a shorter center
wavelength. Nevertheless, these differences imply
that precise and consistent refractive indices for TiO2
are important when one is working on a numerical
analysis of this kind: Dispersion relations have to be
measured and used in the calculation when TiO2 is
deposited differently.
Fig. 2. Schematic illustration of the constant omnibandwidth
contour: solid line, the constant center wavelength contour; dashed
line, the maximum bandwidth curve versus thicknesses of the
high- and low-index layers.
Fig. 3. Refractive index versus wavelength for (a) the TiO2 film of
Lee and Macleod and the SiO2 film and (b) the silicon and SiO2
films.
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B. Applications in the Near-Infrared Region
Silicon is transparent beyond 1.2 m. With a re-
fractive index as high as 3.5, it is a good high-index
candidate film for application in the fiber optical com-
munication wavelength range. We used silicon and
SiO2 as the high- and low-index layers in this exam-
ple. The dispersion relations of silicon14 and of SiO2
(Ref. 12) are as follows:
For silicon
n() 1 10.44822 140587.369
0.5
,
1240 nm    2066 nm.
For SiO2
Fig. 4. (a) TiO2SiO2 multilayer omnidirectional reflector with
Macleod’s TiO2 refractive-index spectrum; (b) max, q, q versus
c; (c) percentage reduction in omnibandwidth versus c.
Fig. 5. (a) TiO2SiO2 multilayer omnidirectional reflector with
Lee’s TiO2 refractive-index spectrum; (b) max, q, q versus c; (c)
percentage reduction in omnibandwidth versus c.
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n()1.22271 105 1.46281,
1013.98 nm    2058.1 nm.
The dispersion curves for silicon and SiO2 are
shown in Fig. 3(b). The numerical results for c in the
1300–1600 nm near-infrared range are shown in Fig.
6(a). Figure 6(b) plots max versus c. The common
features are the same as that of the TiO2SiO2 system
in the visible range, but the omnibandwidth is much
larger and the layer thickness ranges within which
there is nonzero omnibandwidth are much larger.
From the examples of TiO2SiO2 and SiSiO2 sys-
tems, we can see that the characteristics of the om-
niband are highly dependent on the dispersion of the
constituent materials. To have a precise data bank
such as those shown in Figs. 4–6, one has to have
precise material dispersion curves. Various deposi-
tion methods for thin films of the same material
might yield somewhat different refractive indices, so
precise measurements of the dispersion have to be
made for thin films deposited by different methods.
4. Quarter-Wave Thickness Omnidirectional Reflectors
For deposition of optical thin films, an optical moni-
toring technique for control of film thickness is par-
ticularly convenient and precise. If the desired optical
thickness of the film is a quarter-wave of a particular
wavelength, monitoring the reflectance of the film
during deposition with that particular wavelength
and stopping the deposition when the reflectance
reaches extremes will yield a film of precise thick-
ness. It is therefore natural to ask whether there is a
wavelength, designated q, for which the desired
thicknesses dh, dl of the omnireflector film pair are
simultaneously equal to the quarter-wave optical
thickness of that wavelength, q; that is to say, one
can try to find a wavelength q such that
dhq4nh(q),
dlq4nl(q).
This is equivalent to finding the curve in the dh–dl
plane such that the following relationship is satisfied:
dldhnh(q)nl(q).
Every point dh, dl on this curve is one-quarter wave-
length optical thickness of the corresponding wave-
length, q. This curve intercepts the constant-c
contours and the constant- contours. The intercep-
tion point dh, dl on this curve corresponds to a cen-
ter wavelength c and an omnibandwidth q. Such
quarter-wave curves are shown in Figs. 4(a), 5(a), and
6(a); and q versus c and q versus c are shown in
Figs. 4(b), 5(b), and 6(b) for every example of Section
3.
It is obvious from these Figs. 1–6 that, with the
same central wavelength c, the reflectors that
comprise certain combinations of dh, dl that are
quarter-wave thick wavelength q have smaller om-
nibandwidths than the maximum attainable omni-
bandwidth with other values of dh, dl that are not
quarter-waves of any wavelength. The percentage re-
ductions in omnibandwidth are shown in Figs. 4(c),
5(c), and 6(c). For the SiSiO2 system the reduction is
the smallest, whereas for the TiO2SiO2 system the
reduction is smaller for Lee’s TiO2, which has an
Fig. 6. (a) SiSiO2 multilayer omnidirectional reflector; (b) max,
q, q versus c; (c) percentage reduction in omnibandwidth ver-
sus c.
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index larger than Macleod’s TiO2. These numerical
results imply that, when the index contrast between
the high- and low-index films is larger, the reduction
in omnibandwidth with quarter-wave thickness will
be smaller. For a system with a lower index contrast,
such as the TiO2SiO2 system of Fig. 4, it is possible
that no quarter-wave thickness can be found for
bands with longer center wavelengths.
We also calculated an example of a TiO2SiO2 sys-
tem with nondispersive refractive indices; the results
deviated seriously from that of the dispersive refrac-
tive index. Material dispersion is an important factor
in the practical design of omnidirectional reflectors.
5. Conclusions
In this paper we have demonstrated a graphic and
numerical method for analyzing a periodically strat-
ified omnidirectional reflector. For a given pair of
high- and low-refractive-index films with known
refractive-index spectra, there is a range of high- and
low-index layer thicknesses within which there is a
nonzero-width omnireflection band that has a certain
center wavelength. Depending on the specific appli-
cation in which the center wavelength and the omni-
bandwidth are specified, one could find the thickness
of the high- and low-index layers for the omnidirec-
tional reflector from the graph. It is also plausible to
find from the graph a thickness combination that is
simultaneously the quarter-wave optical thickness of
a particular wavelength, such that the deposition of
the omnidirectional reflector could be controlled by
an optical monitoring technique at that wavelength
and one could judge from the graph how much omni-
bandwidth to trade off for ease of deposition. Our
numerical examples calculated with dispersive re-
fractive indices of the films also demonstrated that,
with a larger index contrast between the high- and
low-index layers, there is less difference between
quarter- and non-quarter-wave thickness reflectors
in terms of omnibandwidth.
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